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This paper presents a boundary element method to analyze the elastic foundation ﬁnite beams on 2D plane-strain and 3D multilayered isotropic
soils. Starting with the basic equations of elasticity and based on the Fourier transform, the transfer matrix of a single soil layer is derived.
According to the boundary conditions and continuity conditions between two adjacent soil layers, the solution of multilayered elastic soils is
obtained to be a kernel function of BEM analysis. The elastic foundation beam is modeled as a Bernoulli–Euler beam using the ﬁnite difference
method. With the displacement and stress condition of coordination between beam and soil, the solution is acquired for beams resting on
multilayered soils. Comparing the solution with the published data shows that the solution is in good agreement, and some numerical examples
show that the beam behavior is affected vitally by soil–beam stiffness ratio and the stratiﬁcation of soils.
& 2014 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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Many foundations in civil engineering can be simpliﬁed to
elastic foundation beams (Selvadurai, 1979). As a result,
numerous researchers have worked on this issue for the past
hundred years. The behavior of elastic foundation beams are
closely related to the model of the supporting soils, such as
Winkler model (Winkler, 1867), two-parameter model
(Pasternak, 1954), elastic half-space medium (Mindlin, 1936)
and the ﬁnite depth layer elastic medium, from which different
methods can be derived. For a more complex medium, the
models mentioned above can be combined together. For
example, Maheshwari and Khatri (2012) conducted a nonlinear10.1016/j.sandf.2014.06.008
4 The Japanese Geotechnical Society. Production and hosting by
g author. Tel.: þ86 21 65982201.
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der responsibility of The Japanese Geotechnical Society.analysis of inﬁnite beams on granular bed-stone column-
reinforced earth beds under moving loads, in which the
granular ﬁll was modeled as a Pasternak shear layer and the
stone columns by Winkler springs.
For beams resting on Winkler and two-parameter soil media,
the initial parameters method (Umansky, 1933), superposition
method (Hetényi, 1936) and the strain energy method (Hetényi,
1946) are all effective means to solve such problem, since the
explicit expressions of these soil models are relatively simple.
However, because it is not easy to obtain the corresponding
coefﬁcients, inaccuracies are commonplace in the deformation
predictions, and the assumptions of these two foundation
models are sometimes far from the engineering reality.
Thus, a number of methods have been developed to analyze
the ﬁnite beams resting on continuous elastic medium, especially
for the isotropic elastic medium. Borowicka (1939) and
Gorbunov-Posadov (1949) proposed the power series methodsElsevier B.V. All rights reserved.
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of the beam, the contact stress and the external loading as a
power series distribution. The displacement of the ground under
the beam was obtained by utilizing the Boussinesq or Flamant
solution. Zemochkin and Sinitsyn (1947) created a chain-bar
method, which is based on the assumption that a series of hinged
rigid bars connect the beam and soil, thus, the ﬁnite beam
becomes a ﬁnite times statically indeterminate structure that can
be solved by the force or displacement method. Cai (1962)
analyzed a ﬁnite beam resting on a 2D and 3D isotropic elastic
medium, where the ﬁnite difference method was applied to
approximate the beam ﬂexural equation, and the uniform stress
of each segment was derived with the coordination of the
displacement and stress between the beam and soil. Cheung and
Zienkiewicz (1965) developed the ﬁnite element method to
analyze ﬁnite beams and plates on elastic foundations. However,
the more accurate result relied on large computation require-
ments. As we all know, natural soils are more similar to
multilayered media due to their long-term deposition process.
Therefore, it is signiﬁcant to study the elastic foundation beams
resting on multilayered isotropic soils. Even so, the solutions for
such issues are rarely reported by now.
Over the past several decades, various methods for the
boundary value problems in multilayered elastic materials have
been developed, including the transfer matrix method (Buﬂer,
1971; Bahar, 1972; Ai et al., 2002), the stiffness matrix
method (Kausel and Seak, 1987), the ﬁnite layer method
(Small and Booker, 1984, 1986), and the analytical layer-
element method (Ai et al., 2010; Ai and Cang, 2013). These
methods have created conditions for the interaction analysis of
foundations and multilayered soils. For example, based on the
ﬁnite layer method for soils, Zhang and Small (1992) and Ta
and Small (1996) used the ﬁnite element method to analyze
rafts and piled raft systems in multilayered soils, respectively.
As we know, the BEM (Banerjee and Butterﬁeld, 1981) is a
good means to solve the soil-foundation interaction problem.
In this paper, a boundary element method is presented to
analyze the elastic beams of ﬁnite length on multilayered
isotropic soils. The difference from the previous methods of
the BEM analysis available in the literature (Banerjee and
Butterﬁeld, 1981) is that the kernel function in this paper is
based on the solution for multilayered soils which is obtained
by the transfer matrix method, rather than Kelvin's solution,
Mindlin's solution, or other such methods. In the 3D case, if
we decouple ﬁrst, through the eigenvalue approach, we can get
the transfer matrix of a single soil layer. In the case of 2D
plane-strain, through the eigenvalue approach, we can also get
the transfer matrix of a single soil layer. Considering the
boundary conditions, the solution of multilayered elastic soils
is derived. Based on the solution of multilayered elastic soils
of 2D plane-strain and 3D, we can obtain the fundamental
solution of displacement caused by a unit vertical loading.
Through integral means, we can get the displacements of the
middle nodes in each segment caused by the uniformly
distributed vertical loadings in other segment. Hence, a
ﬂexibility matrix of the soil can be obtained. After this, the
beam is analyzed by the ﬁnite difference method. Regardingthe conditions of stress and displacement harmony between
beam and soil, the interaction problem is solved. Finally, the
paper provides some numerical examples to verify the accu-
racy of the presented theory and discusses the inﬂuence of
soil–beam stiffness ratio and the stratiﬁcation of the soil on the
behavior of beams.
2. Derivation of transfer matrix of 3D isotropic elastic
medium
The basic governing equations of 3D elasticity in terms of
the displacements can be expressed as follows (Timoshenko
and Goodier, 1970):
∇2uxþ
1
12ν
∂θ
∂x
¼ 0 ð1aÞ
∇2uyþ
1
12ν
∂θ
∂y
¼ 0 ð1bÞ
∇2uzþ
1
12ν
∂θ
∂z
¼ 0 ð1cÞ
where ux, uy, uz are the displacement components in the x, y, z
directions, respectively; ∇2 ¼ ð∂2=∂x2þ∂2=∂y2þ∂2=∂z2Þ is the
Laplace operator; θ¼ ∂ux=∂xþ∂uy=∂yþ∂uz=∂z is the dilata-
tion; and v is Poisson's ratio.
The strain–displacement relations and the constitutive equa-
tions are as follows:
εx ¼
∂ux
∂x
; γxy ¼
∂uy
∂x
þ ∂ux
∂y
ð2aÞ
εy ¼
∂uy
∂y
; γyz ¼
∂uz
∂y
þ ∂uy
∂z
ð2bÞ
εz ¼
∂uz
∂z
; γxz ¼
∂ux
∂z
þ ∂uz
∂x
ð2cÞ
εx ¼
1
E
σxνðσyþσzÞ
 
; γxy ¼
τxy
G
ð3aÞ
εy ¼
1
E
σyνðσzþσxÞ
 
; γyz ¼
τyz
G
ð3bÞ
εz ¼ 1E σzνðσxþσyÞ
 
; γxz ¼
τxz
G
ð3cÞ
where σx, σy, σz and εx, εy, εz denote the normal stress and
strain components in the x, y and z coordinate directions,
respectively; τxy, τxz, τyz and γxy, γxz, γyz are the shear stress and
the strain components; E is the elastic modulus of the soil; and
G¼ ðE=2ð1þνÞÞ is the shear modulus of the soil.
The double Fourier transform technology is taken to solve the
partial differential equations. The double Fourier transform
(Sneddon, 1972) to the displacements can be deﬁned as follows:
ðux; uy; uzÞ ¼ 14π2
Z 1
1
Z 1
1
ðiux; iuy; uzÞe iðξxxþ ξyyÞdxdy ð4Þ
where ux, uy, uz are the Fourier transforms of ux, uy, uz,
respectively; ξx, ξy are the Fourier transform parameters;
i¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
.
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we can obtain
U″ηξW 0 ξ2ð1þηÞU ¼ 0 ð5aÞ
ðηþ1ÞW″þηξU0 ξ2W ¼ 0 ð5bÞ
where a decoupling transformation, i.e. U ¼ ððξxiuxþξyiuyÞ=ξÞ
and W ¼ uz, has been applied, and η ¼ ð1=ð12νÞÞ; ξ2 ¼
ξ2xþξ2y ; U″ and W″ are the second derivation with respect to z
of U and W ; U
0
and W
0
are the ﬁrst derivation with respect to z
of U and W .
On the other hand, a decoupling transformation is applied to
the stress components, which is deﬁned as follows:
X ¼ 1
ξ
∂τxz
∂x
þ ∂τyz
∂y
 
ð6aÞ
Z ¼ σz ð6bÞ
Taking the double Fourier transform to Eq. (6), and
considering Eqs. (2a)–(2c) and (3a)–(3c), we have
X ¼ GðU0 ξWÞ ð7aÞ
Z ¼ ðρþ2GÞW 0 þρξU ð7bÞ
where X, Z are the Fourier transforms of X, Z, respectively;
ρ ¼ ð2Gν=ð12νÞÞ.
Let Λ ¼ fU; WgT, therefore, Eqs. (5a) and (5b) can be re-
written as follows:
1 0
0 ηþ1
" #
ðΛÞ″þ
0 ξη
ξη 0
" #
ðΛÞ0
þ ξ
2ð1þηÞ 0
0 ξ2
" #
Λ ¼ 0 ð8Þ
where ðΛÞ0 and ðΛÞ″ are the ﬁrst and second derivative with
respect to z of Λ, respectively.
We deﬁne Λ ¼ AexpðzλÞ, in which λ is the eigenvalue and
A is a vector, and substituting it into Eq. (8), we obtain
λ2ξ2ð1þηÞ ηξλ
ηξλ λ2ð1þηÞξ2
" #
A¼ 0 ð9Þ
In order to let Eq. (9) with non-zero solution, the variable λ
has two equal eigenvalues ξ and two equal eigenvalues ξ.
Therefore, based on the theory of differential equations, we
have
Λðλ; zÞ ¼ ðA1þA2zÞeξzþðA3þA4zÞe ξz ð10Þ
where A1–A4 are the four coefﬁcient vectors.
Substituting Eq. (10) into Eq. (8), we can obtain
A1 ¼
1
1
 
t1þ
2 η
ηξ
0
" #
t2; A2 ¼
1
1
 
t2 ð11aÞ
A3 ¼
1
1
 
t3þ
2 η
ηξ
0
" #
t4; A4 ¼
1
1
 
t4 ð11bÞ
where t1–t4 are the four constants.So the expressions of U and W can be obtained, and then
substituting them into Eqs. (7a) and (7b), we can also have the
expressions of X and Z.
Let RðzÞ ¼ fU ; W ; X ; ZgT, and Rð0Þ is value when z ¼ 0.
Then we can obtain the following equation in matrix form:
RðzÞ ¼
N1 N2
N3 N4
" #
fTg ð12Þ
where fTg ¼ ft1; t2; t3; t4gT and
N1 ¼
ezξ ezξð2 ηÞηξ ezξz
ezξ ezξz
" #
N2 ¼
e zξ e
 zξð2 ηÞ
ηξ þe zξz
e zξ e zξz
" #
N3 ¼
2Gξezξ ezξGð22η2zηξÞη
2Gξezξ 2Gezξð1þzξ2νÞ
2
4
3
5
N4 ¼
2Gξe zξ e zξGð2þ2η2zηξÞη
2Gξe zξ 2Ge zξð1zξ2νÞ
2
4
3
5
Since RðzÞ and Rð0Þ can be expressed by the same constants
(t1  t4), so we can obtain
RðzÞ ¼ Φðξ; zÞRð0Þ ð13Þ
where Φðξ; zÞ is the transfer matrix which relates RðzÞ with
Rð0Þ, and its elements are listed in Appendix.
3. Derivation of transfer matrix of 2D plane-strain
isotropic elastic medium
For the case of 2D plane-strain, starting with the basic
equations of 2D elasticity, and based on the Fourier transform,
the corresponding transfer matrix can be obtained similarly. In
this case, we deﬁne that Λ ¼ fux; uzgT and RðzÞ ¼ fux; uz;
τxz; σzgT, the relationship between RðzÞ and Rð0Þ can be
established by substituting U , W , X and Z with ux, uz, τxz,
and σz. Therefore, we can also have
RðzÞ ¼Φðξ; zÞRð0Þ ð14Þ
where Φðξ; zÞ is the transfer matrix under 2D plane-strain
condition, and its elements are the same with those of 3D
condition listed in Appendix.
4. Solution for unit vertical loads on multilayered soils
An n-layered isotropic elastic system is illustrated in Fig. 1,
a unit vertical load Pð0Þ ¼ f0; 0; 0; 1gT is applied on the
surface of 3D multilayered soils. The modulus E, Poisson's
ratio v and the layer thickness ΔH of each layer can be elected
with discretion. As we know, the inﬂuence of the surface
loading decreases with increasing depth. When the depth is
large enough, the vertical displacements caused by the surface
loading tends to zero. Therefore, we assume that the bottom of
the multilayered soils is ﬁxed and the surface of the soils is
0H
1H
2H
iH
nH
1 1 1, ,E hν
2 2 2, ,E hν
, ,i i iE hν
, ,n n nE hν
x
y
z
Rigid  base
o
P
1iH −
1nH −
…
…
Fig. 1. 3D multilayered soils under a unit vertical load.
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UðHnÞ ¼WðHnÞ ¼ 0 ð15aÞ
Xð0Þ ¼ Zð0Þ ¼ 0 ð15bÞ
The continuity condition between adjacent layers is
RðHi Þ ¼RðHþi Þ ð16Þ
where RðHi Þ represents the stresses and displacements of ith
layer when depth z¼Hi, RðHþi Þ represents the stresses and
displacements of (iþ1)th layer when depth z¼Hi and so on.
According to the transfer matrix solution of multilayered
elastic soil mentioned above, we can obtain
RðHn Þ ¼ f½Rð0ÞPð0Þ ð17Þ
where Pð0Þ ¼ f0; 0; 0; ð1=4π2ÞgT is the corresponding variable
of Pð0Þ in the transformed domain; f ¼∏n1Φðξ;ΔHiÞ;
ΔHi ¼HiHi1 ði¼ 1; 2; :::; nÞ, Hi, Hi1 are the depths from
the bottom and top of the ith layer to the surface, respectively.
From Eq. (17), we can work out Rð0Þ. Adopting an
inversion of the Fourier transform to it, we can obtain the
actual solution Rð0Þ in the physical domain. Since the 3D case
has been solved, as a simple situation, the solution of 2D
plane-strain multilayered soils can also be derived from Eq.
(17) directly.xb
ip
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Fig. 2. An elastic foundation beam resting on multilayered soils.5. Solution for elastic foundation beams on multilayered
isotropic soils
As is illustrated in Fig. 2, a rectangular coordinate system is
established and an elastic foundation beam with constant
ﬂexibility EbIb and width of b subjected to arbitrary uniform
load qðxÞ is resting on the multilayered isotropic soils.
The beam is divided into n equal segments, among which,
each segment have the length of c. In order to simplify the
analysis, we assume that the contact stress distribution of each
segment is uniform (pb1; p
b
2;…; pbn) and the displacement
of each segment can be represented by the center nodes(wb1;w
b
2;…;wbn), in addition, only the vertical displacement is
considered here.
The indirect formulation of BEM (Banerjee and Butterﬁeld,
1981) analysis is applied to solve the vertical displacements in
soil domain. According to the solution obtained in the previous
section, we have
wsðBÞ ¼ psðAÞKðABÞ ð18Þ
where wsðBÞ is the vertical displacement of the ﬁeld point B;
psðAÞ is the vertical load acting at the point A; KðABÞ is the
vertical displacement at point B caused by a unit vertical load
applied at point A.
Eq. (18) is a kernel function of BEM analysis. Through
integrating the kernel function, we can obtain the vertical
displacement of the center nodes caused by the rectangular
load.
wsi ¼
Z
Γj
psj Kijðx; yÞ dΓj
i¼ 1;…; n; j¼ 1;…; nð Þ ð19Þ
where wsi is the vertical displacement of the soil at ith cell
node; psj is the vertical uniform load acting on jth segment; Γj
is the loading area of psj ; and Kijðx; yÞ is the vertical
displacement at point i caused by the unit vertical load applied
at (x, y) of jth segment.
Due to the complexity of the solution of transfer matrix
method, analytical solution for the Eq. (19) is not available.
Therefore, the Gauss–Legendre integration method is applied
to solve this equation. Considering psj is an invariant, we have
wsi ¼ psj ∑
m
l ¼ 1
∑
m
k ¼ 1
AlAkKðxl; xkÞ
ði¼ 1;…; n; j¼ 1;…; nÞ ð20Þ
where xl and xk are the Gaussian integration nodes; Al and Ak
are the Guassian integration coefﬁcients; m is the number of
Gaussian integration nodes.
Appling Eq. (20) to every cell node, we can obtain
fwgs ¼ ½KnnfPgs ð21Þ
where ½Knn is the ﬂexibility matrix of soil; fPgs ¼ fps1; ps2;⋯;
psngTn ; fwgs ¼ fws1;ws2;⋯;wsngTn .
We simulate the beam as a Bernoulli–Euler beam, then the
deﬂection differential equation of the beam can be expressed
Fig. 3. Comparison of contact stresses for the case of 2D plane-strain.
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EbIb
d2 w
d x2
þM ¼ 0 ð22Þ
where M is the bending moment; w is the deﬂection of
the beam.
To simplify the analysis, the ﬁnite difference method is
applied to Eq. (22), then we have
αðwbiþ12wbi þwbi1Þ ¼Mi i¼ 2; 3;…; n1 ð23Þ
where α¼ ðEbIb=c2Þ, in which c is the length of each segment;
Mi is the bending moment at ith cell node, the expression of Mi
can be obtained by considering the equilibrium condition of
the left isolated body, thus we have
β½D1fPgbfΣMqg ¼ fMg ð24Þ
where β¼ bc2, fPgb ¼ fpb1; pb2;…; pbngTn ;
D1½  ¼
1 18 0 ⋯ 0 0
2 1 18 ⋯ 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
n2 n3 n4 ⋯ 18 0
2
64
3
75
ðn2Þn
;
fMg ¼ fM2;M3;…;Mn1gTn2, and fΣMqg ¼ fΣMq2;
ΣMq3;…;ΣMqðn1ÞgTn2, in which ΣMqi is the bending
moment at ith cell node caused by the loads acting on the
left side of the ith cell node, and we deﬁned that the bending
moment is a plus sign when it is anticlockwise.
As we all know, the stress acting on the beam base should
be equal to those acting on the soil surface, so does the
displacement, i.e., fWgb ¼ fWgs, fPgb ¼ fPgs. Combining Eqs.
(21), (23) and (24), we can obtain
ðβ½D1þα½D2½KÞfpgb ¼ fΣMqg ð25Þ
where
½D2 ¼
1 2 1 0 ⋯ 0 0 0 0
0 1 2 1 ⋯ 0 0 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮
0 0 0 0 ⋯ 1 2 1 0
0 0 0 0 ⋯ 0 1 2 1
2
664
3
775
ðn2Þn
Obviously, the n unknown stresses cannot computed from
the n2 independent equations. Therefore, the equilibrium
condition of the beam should be taken into account, and then
we have
bc∑
n
i¼1
pbi ¼ ∑F ð26Þ
1
2
bc2 ∑
n
i¼1
ð2i1Þpbn iþ1 ¼ ∑M ð27Þ
where ΣF is the summation of the loads on the beam
segments; ΣM is the bending moment at the right end of the
beam caused by all the loads and we also deﬁned that the
bending moment is a plus sign when it is anticlockwise.
By solving Eqs. (25)–(27), the n unknown vertical interac-
tion stresses can be acquired. Further, applying these stresses
to Eq. (21) and considering fPgb ¼ fPgs, the vertical displace-
ments can be obtained.It needs clarifying that, the solutions for the case of 2D
plane-strain can also be achieved from Eqs. (25)–(27) similarly
when the width b is set to be a unit.6. Numerical examples
In this section, some numerical examples are performed by the
program. In order to obtain the displacement solutions from the
results in the transformed domain, the inversion of the Fourier
transform is carried out using the technique suggested by Small
and Booker (1984, 1986). On the other hand, the existence of
functions growing exponentially in the transfer matrices will lead to
ill-conditioned matrices for thick layers and accumulated numerical
errors for a large number of layers. In this paper, the technique
presented in Ai et al. (2002) is used to eliminate the ill posedness
associated with this problem. It has to clarify that, the numbers of
boundary elements of soils are the same as that of the beam
segments, and 8-nodes numerical Gauss–Legendre integration is
taken in the boundary integration in all examples.6.1. Validation
For beams resting on 2D plane-strain and 3D isotropic elastic
medium, the examples given in Ref. (Zemochkin and Sinitsyn,
1947) are compared to illustrate the accuracy of the proposed
theory. As is shown in Figs. 3 and 4, elastic foundation beams
with the width of b ¼ 1:0 m are resting on the 2D plane-strain or
3D elastic continua. For the case of 2D plane-strain, two equal
concentrated forces are applied on the beam symmetrically. For
the case of 3D, a concentrated force is applied on the middle of
the beam. The beam is discretized into 7 segments for 2D case and
9 segments for 3D one, which are the same as Zemochkin and
Sinitsyn (1947). In addition, we assume that the depth of soil is
1000 m to simulate a half plane and space. Two sets of the contact
stress by the foregoing method and the results of Zemochkin and
Sinitsyn (1947) are plotted in Figs. 3 and 4. It may be seen that the
solutions provided by the proposed method are in good agreement
with the solutions given by Zemochkin and Sinitsyn (1947),
which veriﬁes the feasibility of the present method.
Fig. 4. Comparison of contact stresses for the case of 3D.
x
Rigid base
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Fig. 5. An elastic foundation beam resting on one single layer soil.
Fig. 6. Inﬂuence of the stiffness ratio on beam's deﬂection.
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beam's response
Gorbunov-Posadov and Serebrjanyi (1961) proposed the
following three classiﬁcation of ﬁnite beam resting on an 3D
elastic medium: short beam: Ko0:84; beams of medium
length: 0:84oKo1:78; long beams: K41:78, where
K ¼ λEL is the stiffness ratio between soil and beam and
λ4E ¼ ðπEsb=ð32ð1ν2s ÞEbIbLÞÞ. In order to study the effect of
soil–beam stiffness ratio, ﬁve cases of K ¼ 0:7; 0:84;
1:31; 1:78; 2:0 are performed for comparison. As is illu-
strated in Fig. 5, an elastic foundation beam is resting on a
single soil layer whose depth is large enough to simulate
the half-space, with their geometrical relationship being
L : hb : b : hs ¼ 10 : 0:5 : 1 : 1000. A vertical loading of con-
centrated force F is applied on the center of beam. We deﬁne
that the dimensionless displacement ðEsLwb=FÞ, where Es is
Young's modulus of the soil when K ¼ 2:0, shear stress Sb=F
and moments Mb=FL, and assume that Poisson's ratio
νs ¼ 0:25 and other parameters remain constant. According
to Cai (1962), the beam is discretized into 10 segments, which
provides enough accuracy for practical engineering. Therefore,
in the following examples, the beam is discretized into 10
segments as well.
The dimensionless displacements are plotted in Fig. 6,
which shows that the increase of K may lead to smaller
displacements. To be speciﬁc, when KZ1:78, the displace-
ments along the beam nearly stop increase and keep at low
values. On the contrary, when Kr0:84, the displacements
increase rapidly. In addition, the dimensionless shear stress and
moments are plotted in Figs. 7 and 8, respectively, which
reveals that the shear forces and moments of the beam become
smaller when the stiffness ratio increases. What's more, the
shear forces and moments along the beam remain steadily and
the shear forces are nearly linear distribution when Kr0:84,
which means that the beam is really rigid. However, when
KZ1:78, some shear forces and moments appear opposite in
signs which means that the beam is really ﬂexible. Therefore,
the stiffness ratio between soil and beam has remarkable effect
on behavior of the elastic foundation beam.6.3. Demonstration of beams on multilayered soils
Here a three-layered soil model is presented to study the
beam behavior inﬂuenced by the stratiﬁcation of the soils. As
shown in Fig. 9, a vertical loading of intensity q is uniformly
applied on the beam which is supported by the 3D three-
layered soil. Four cases are considered for comparison: (1)
Eb : E1 : E2 : E3 ¼ 3000 : 1 : 2 : 4; (2)
Eb : E1 : E2 : E3 ¼ 3000 : 2 : 1 : 4; (3)
Eb : E1 : E2 : E3 ¼ 3000 : 4 : 2 : 1; (4)
Eb : E1 : E2 : E3 ¼ 3000 : 7=3 : 7=3 : 7=3. It has to clarify that
the soil system in case 4 stands for a homogeneous single soil
layer, whose parameters are the weighted average of the above
three soil layers (i.e., E¼ ðΣ3i ¼ 1EihiÞ=ðΣ3i ¼ 1hiÞ; h¼ Σ3i ¼ 1hi;
ν¼ Σ3i ¼ 1νihi=h). The other parameters remain constant.
In addition, we assume that the three layers soil have the
same Poisson's ratio (ν1 ¼ ν2 ¼ ν3 ¼ 0:3) and the dimensional
relationship between the beam and soils is L : hb : b :
h1 : h2 : h3 ¼ 10 : 0:5 : 1 : 10 : 10 : 10. The normalized beam's
vertical displacements Ewb=qb, where E is Young's modulus
of the soil in case 4, shear forces Sb=qL and moments Mb=qL2
are plotted along the length of the beam in Figs. 10–12,
respectively.
In Fig. 10, the displacement of case 1 is bigger than case 2
and case 3, which shows that the deﬂection of the beam is
Fig. 7. Inﬂuence of stiffness ratio on beam's shear forces.
Fig. 8. Inﬂuence of the stiffness ratio on beam's bending moments.
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Fig. 9. An elastic foundation beam resting on three-layered soil.
Fig. 10. Inﬂuence of soil's stratiﬁed character on beam's deﬂection.
Fig. 11. Inﬂuence of soil's stratiﬁed character on beam's shear forces.
Fig. 12. Inﬂuence of soil's stratiﬁed character on beam's bending moments.
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observe that case 1 which has a softer soil at shallow layer but
a stiffer soil at the deep layer has much bigger displacements
than case 4. Case 3 which has a stiffer soil at shallow layer but
a softer soil at the deep layer has smaller displacements than
case 4. It reveals the fact that the homogeneous assumption to
the present layered foundation may underestimate or overrate
the displacements of the overlaying beams. In Figs. 11 and 12,
the shear stress and moments have a similar trend. Thus, it
demonstrates that the stratiﬁed character of the soil has a great
effect on behavior of the elastic foundation beam.7. Conclusions
The transfer matrix solutions for multilayered isotropic soils
of 2D plane-strain and 3D isotropic elastic medium are
respectively deduced are then taken as the kernel functions
of the boundary element method to solve the interaction
problem between beams and multilayered isotropic soils.
Z.Y. Ai et al. / Soils and Foundations 54 (2014) 667–674674Two numerical examples of 2D plane-strain and 3D are
performed to verify the accuracy of the present method and
other examples are given to study the inﬂuence of the stiffness
ratio and the stratiﬁed character of soil on the response of
beams. From the calculation results, we can come to the
conclusion that the settlement of the beam decreases with the
growth of the stiffness ratio between soil and beam, the shear
stresses and moments also decreases with the growth of the
stiffness ratio, and the beam becomes relatively rigid when
Kr0:84 and ﬂexible when KZ1:78. What's more, a discus-
sion about the stratiﬁed character of soil reveals that the
inﬂuence of stratiﬁcation of the soils on the deﬂection and
internal force of the beam is signiﬁcant and should not be
neglected.
Appendix
Φ11 ¼ chðzξÞþ
zξshðzξÞ
2ð1νÞ ¼Φ33;
Φ12 ¼
zξchðzξÞþð12νÞshðzξÞ
2ð1νÞ ¼ Φ43;
Φ13 ¼
zξchðzξÞþ3shðzξÞ4νshðzξÞ
4Gξð1νÞ ;
Φ14 ¼ zshðzξÞ4Gð1νÞ ¼ Φ23;
Φ21 ¼
zξchðzξÞþð2ν1ÞshðzξÞ
2ðν1Þ ¼ Φ34;
Φ22 ¼ chðzξÞ
zξshðzξÞ
2ð1νÞ ¼Φ44;
Φ24 ¼
zξchðzξÞ3shðzξÞþ4νshðzξÞ
4Gξðν1Þ ;
Φ31 ¼
GξðzξchðzξÞþshðzξÞÞ
ð1νÞ ;
Φ32 ¼
Gzξ2shðzξÞ
1ν ¼ Φ41;
Φ42 ¼
GξðzξchðzξÞshðzξÞÞ
ðν1Þ :
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